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An analytical solution is given to the problem of distribution of veloc- 
ity, temperature and heat flux in the liquid core of solidifying 
bodies of very simple shape, with natural convection and an arbi- 
trary law of motion of the two-phase boundary. 

The so lu t ion  i s  wel l  known for  the p r o b l e m  of e o o l -  
ing of the  l iquid e o r e  of so l id i fy ing  bod i e s  of s i m p l e  
shape,  when t h e r e  i s  no mix ing  of the m e l t  [1]. In the 
so l i d i f i c a t i on  of o r d i n a r y  ingots  and c a s t i n g s  with a 
s u p e r h e a t e d  l iquid c o r e ,  convec t ive  f lows o c c u r  due 
to v a r i a t i o n  of  d e n s i t y  of the  m e t a l  with t e m p e r a t u r e .  
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Fig.  1. Loca t ion  of the s e m i -  
inf ini te  s lab  o r  c y l i n d e r  i n t h e  
c o o r d i n a t e  s y s t e m :  S is the 
s u r f a c e  on which t h e r e  a r e  
no hea t  f luxes  a long  the ax i s  
r/2; 1) mold;  2 ) so l i d i f i ed  c r u s t ;  

3) l iquid mel t .  

The p r e s e n t  p a p e r  g ives  a so lu t ion  to the  p r o b l e m  
of  coo l ing  of  the  l iquid c o r e  of a so l id i fy ing  s e m i -  
in f in i te  s lab  and a s e m i - i n f i n i t e  c y l i n d e r ,  t ak ing  a c -  
count  of convec t ive  f low. The t h e r m a l  and h y d r o d y -  
namic  p r o c e s s  of convec t ive  d i s p l a c e m e n t  of  me l t  i s  
an uns t eady  one in the  c a s e  under  examina t ion .  Solu-  
t ions  a r e  not known fo r  p r o b l e m s  of th i s  k ind .  

We a r r a n g e  the  s lab  and c y l i n d e r  so that  the  t h e r -  
m a l  p lane  (or  r e s p e c t i v e l y  the ax i s )  i s  p a r a l l e l  to  the  
g r a v i t y  v e c t o r .  We a s s u m e  tha t  t h e r e  i s  no hea t  e x -  
change o v e r  the  top face  (Fig .  1). This  c a s e  c o r r e -  
sponds  a p p r o x i m a t e l y  to c a s t i n g  of an ingot  in a hea ted  
mo ld .  I t  m a y  a l so  be  a s s u m e d  tha t  the  p r e s s u r e  a long 
the  ax i s  172 i s  cons t an t .  Condi t ions  fo r  hea t  r e l e a s e  
a r e  s y m m e t r i c a l  at  the  body b o u n d a r i e s .  Then the 
p r o b l e m  for  a s lab  and a c y l i n d e r  r e d u c e s  to  so lu t ion  
of  a s y s t e m  of t h r e e  equa t ions :  

the  equat ion of  convec t ive  hea t  t r a n s f e r  

at ( 0 3 T  , Red at ] =  OFo �9 Pr Re1 ~- " 0~. ] 

a'2t m Ot c-P.t 
aq~ + - - + - - '  

qt Oql O~l~ 

the  equat ion of  mot ion  

1 ORe2 aRe~. aRe~ . 
+Re~ - -  .-Re~ -- 

Pr 0Fo O~h a~12 

_ 0 2Re~  + m ORe2 c) 2Re2 ' Gr! 

and the  cont inu i ty  equat ion 

(1) 

(2) 

ORe1 m ORe2 
- -  + Re1  + . . . .  0 .  (3)  

alh 7it a11z 

It  m a y  be a s s u m e d  tha t  the  width of the l iquid zone 
v a r i e s  only  as  a function of t i m e  and i s  a given quan-  
t i ty :  

i = ] (Fo). (4) 

I t  has  been shown [2] that ,  depending on the law of 
so l id i f i ca t ion ,  i f  the  hea t  f lux f r o m  the  l iquid c o r e  to 
the  c r u s t  of  the  ingot  i s  known, the  condi t ions  on the  
i n n e r  s u r f a c e  which s a t i s f y  the  given law of  s o l i d i f i c a -  
t ion  m a y  be d e t e r m i n e d .  

At the  so l i d i f i ca t i on  f ron t  the  r e l a t i v e  s u p e r h e a t  of 
the  m e l t  i s  ze ro :  

t I~,,=j = 0. (5) 

The d i m e n s i o n l e s s  v e l o c i t i e s  a r e  a l so  z e r o  at  th is  
f ront :  

Re11~,,=i = 0, (6) 

Rez ],.=j = O. (7) 

I t  fol lows f rom the s y m m e t r y  of  the bod ies  in q u e s -  
t ion  that  

at ~,-0 = 0 ,  (8) 

Re1 [~.,=o = 0, (9) 

OResd~ql ~,,=o = O. (10) 
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The condition for no heat exchange at the top face 
is 

at ' ....... 0. 
(11) 

O ~l~ 

The condit ion that the veloci ty  f ields a re  zero  in 
the me l t  at t ime  zero is 

Re2[v,. , = O, (12) 

Re,Iv .... = 0. (12a) 

For  mix ing  of the me l t  unde r  na tu ra l  convect ion 
there  cannot  be d i sp l acemen t  of the liquid core as a 
whole, and so the amount  of cold mel t  descending  mus t  
be equal to the amount  of hot mel t  ascending,  which 
leads  to the condi t ion 

i 
.i' Re2 vii" d "i, = O. (13)  
0 

Final ly ,  an in i t i a l  t e m p e r a t u r e  d i s t r ibu t ion  should 
be assigmed, which we take to be independent  of the 
coord ina te  712. However, as follows f rom the ana lys i s  
of the p rob lem solved prev ious ly  for  the t e m p e r a t u r e  
field in an unmixed core  [1], it is  more  convenient  to 
a s s ign  the heat  flux f rom the liquid mel t  to the c r u s t  
be ing formed r a t h e r  than the in i t i a l  t e m p e r a t u r e  d i s -  
t r ibu t ion  d i r ec t ly .  Fo r  any reasonable  a s sumpt ions  
about the na tu re  of va r i a t ion  of heat flux with t ime,  
it  i s  easy  to obtain a co r r e spond ing  in i t ia l  t e m p e r a t u r e  
d i s t r ibu t ion .  We the re fo re  a s s ign  the heat flux f rom 
the l iquid mel t  to the c ru s t  at some level  or  other ,  
e . g ~  at ~72 = 0, and r equ i r e  in addit ion that at  t ime  
zero  the r e l a t ive  superhea t  does not depend on the co-  

o rd ina te  ~72: 

Ot ,.,=u = q(Fo), (14) 

at I -- o. (15) 
0 "q'2 IF"=u 

These two conditions are comple te ly  equivalent to 
assigning an initial temperature distribution in the 
melt, independent of the coordinate ~72. During cooling 
the melt temperature, in general, depends on ~2 be- 
cause of movement of hot sections of the melt upwards, 
and of cold sections downwards. 

In order to solve the problem as formulated, we 
represent the functions sought in the form of the fol- 
lowing power series with variable coefficients: 

k - u  

(16) 

Ree - \-~ I)~ In"-, Fo) (je _ :q{/,., (17) 

k:: .t~ 

(1.s) 

The s e r i e s  (16) and (17) do not differ  in e s s ence  
f rom that used in (1), and so opera t ions  with them 
do not cause di f f icul t ies .  It follows f rom (18) that 

ORe, _ 0 Ek ~ Ea,+, .o 

L,=u k==O 

= r  e ~  o " - ' - , 0 "  + 2 0 2,,+, (r- - 0 T M  - 
k = O  k -= ) 

-- 2# s E~+__( (#_,,~)k : 
" k! 

= V Ek - 2j~Ek+, (# _ n~)~ ~ 

k ~ 0  

+2 L Ek+'(k+ I)(j~ hi)k+, := 
(} + 1)~ 

k - o  

= s Ek-2]2Ek+! ~v kEk 
, ,~ (ff  - -,,~1,~ + 2 ~ (? - 0 " ;  

k=O k =  

ORe!_ :- 2 (1 + 2k)E~-.-2ffEk+, 
On, �9 k! ( f l  - -  n~)k" (19)  

We i l l u s t r a t e  the m a n n e r  of obta in ing the product  
of the two independent  inf ini te  s e r i e s  with the example  

0 

Ro ot V D~ (i ~_.,U V on~ ~ ,  

l = 0  

Here the summa t i on  indices  a re  denoted by di f ferent  
symbols ,  to unde r l ine  the independence of one f rom 
another .  Let us designate:  i + l = k, when l = k - i .  
It is evident  that I cannot  be negat ive,  and the re fo re  
i cannot  be g r e a t e r  than k. Then 

8t 
R e 2  - - - - -  = 

dq.2 

k 

= \'~ \ 7  . . . . . .  D i  0 C~_i[ (k-- i )! ] - ' (#  ,2,k (20) 
k = o  t ~ O  

In a s i m i l a r  way, we obtain the products  

0l 0Re~ and R~:., f)-i-~e'- . 
R~, , -on ,  ' Re,-5-; ; ,  - o,~ 

Substituting expressions (16)-(18) into (i)-(3), and 
equating coefficients with like powers j2 .  ~2 to zero, 
we obtain the following recurrence relations for coef- 
ficients Ck, Dk, Ek: 

1 
C,,r :  : - - - -  [ 2 ( m  + i -~-2k)-~ jj ')O~+,-: 

-t ]'-' t 
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0___ C 0" C + 
4 -5-r:o- ~-- 04 

k 

- - 2 P r k ! ~  [(k .... i ) C k _ i - - f - C ~ _ i §  ~ , 
( k - - i ) !  i! ~- 

i,=5 

h 
0 - p~k~ V D ~ - ~ (  C~_, [i~ (k --  ,t~l-', (21) 

D~ ,2 = l [ 2 ( m - ,  - 1 + 2]~ --  jj') D~,, + 
- 4j~/ 

I 0 O"- 
~ . . . . .  D~ - -  - -  D~ - -  Gr C~ ~- 

Pr 0 Fo 0 h~ ' 

_L 2k! E [(k - -  i) Dt,-~ - -  j~D~--i+,} Ei ._ 
(~ - i)~ i~ 

i~O 

k 

--  k, ~ .  D,-~O~,. D ~ _ i [ i , ( k - - i ) ! ] - ' .  (22) 

i~O 

' O_C_L~ ' }. 
E * + ' - ~ I 2  { ( m + l + 2 k ) E ~ +  Oq~ (23) 

F r o m  the  b o u n d a r y  c o n d i t i o n s  (5 ) - (7 )  we  h a v e  a t  
one  e 

Co =: 0. (24) 

Do = O, (25) 

Eo -= O. (26)  

F u n c t i o n s  C 1 and D~ m u s t  be  d e t e r m i n e d  f r o m  the  

r e m a i n i n g  b o u n d a r y  c o n d i t i o n s .  F u n c t i o n  E 1 i s  d e t e r -  
m i n e d  f r o m  r e c u r r e n c e  r e l a t i o n  (23): 

E, = O. (27) 

Performing a calculation according to (21)-(23), 
we obtain 

C~ = m ---  1 : jj" . C~ ,  (28) 
2./2 

C:, = (m -k l -!- ]j') (m 4- 3 + jj') C, + 
4j ~ 

1 0 1 (~ 
:-  C, - -  C,, 

4] 2 O FO 4J a 0 ~l~ 
(29) 

D e -  m+ 1 - -  j j '  D,, 
2ff 

(30) 

D.., = (m + 1 + jj') (m 47 3 + jj') Dx + 
4i -~ 

1 0 1 O 2 1 
- -  D I  - -  D 1 - -  

4 P r j  2 OFo 4j" O'q~2 4j 2 
Gr G,  (31) 

1 O 
E2 - D,, 

2j 2 0 q~ 
(32) 

E3 ,n + 6 - ?  jj '  c) DI. 
4 ] ~ O ~12 

(33) 

Subs t i t u t i ng  (16) in  p l a c e  o f  t, we  have ,  f r o m  c o n -  
d i t ion  (14), 

1 
C. (0, Fo) - -  q. (34) 

91 

F r o m  (11), in the  s a m e  way,  we  ob t a in  

- : ; C  L=o = o. (35) 

When k =  1 

0 
- - - -  C~ (0, Fo) = 0. (36) 
Orb. 

When k = 2 we  a l s o  ob t a in  (36). 

When  k = 3 

O 
. . . .  C:, (0, Fo) = 0. 

U s i n g  e x p r e s s i o n  (29) in p l a c e  of  C3, we ob t a in  

( 0-~c,_ ~>~c' ) I =o. 
0 Fo O ~2 01~ , i:.~o 

A f t e r  i n t e g r a t i o n  we  h a v e  

OC1 02C~ ) ,:,=o ,, ~ (I) = O. 
, 0 F o  0q~ 

Since  the  i n t e g r a t i o n  w a s  c a r r i e d  out  wi th  r e s p e c t  
to  t he  v a r i a b l e  ~72, the  a r b i t r a r y  c o n s t a n t  of  i n t e g r a -  
t i on  m a y  depend  on Fo .  T h e r e f o r e  

- - -0h CL{0, Fo) = (1)(Fo)--' 0 _ .  C1(0, Fo). (37) 
O ~ O Fo 

S ince  we r e q u i r e  c o n d i t i o n  (35) to hold  f o r  c o e f f i -  

c i e n t s  C k wi th  i n d i c e s  k > 3, we  m a y  ob ta in  a l l  the  
s u c c e s s i v e  c o e f f i c i e n t s  of  the  e x p a n s i o n  of  h m c t i o n  

C1072, Fo)  as  a s e r i e s  in p o w e r s  of  7? 2. In the  f i r s t  
a p p r o x i m a t i o n ,  c o n f i n i n g  o u r s e l v e s  to the  c o e f f i c i e n t s  

found, we ob ta in  

C, (v12, Fo) = C, (0, I:o) -- 

[ 0 ] l (l:) .-:.- C, (0, I:o) h~. (38)  
+ ~ -b%-o 

To d e t e r m i n e  func t ion  �9 we  u s e  (15), when  

0C~ 

"~J-~-~ vo=0 = 0. 

When  k = 1 we h a v e  

OC, I 
]vo=o = 0. 

Subs t i tu t ing  e x p r e s s i o n  (38) in p l a c e  o f  C 1, we o b -  
t a i n  

0 
(1)(0) C1 (0, 0) .  (39)  

0 Fo 
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Fig. 2. Distribution of temperature,  heat flux, and velocity 
in a semi-infinite slab undergoing solidification: a) curves 
of relative superheat temperature t; b) vertical component 
of dimensionless velocity Re2; c) horizontal component of 
dimensionless velocity Rei; d) dimensionless heat flax from 
melt to crust  q; 1) Fo = 0; 2) 0.1; 3) 0.2; 4) 0.3; 5) 0.4; 6) 

0.5. 
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When k = 2 we obta in  the  s a m e  condi t ion .  When 
k = 3, r e p l a c i n g  C a by C a c c o r d i n g  to (29), and e x p r e s -  
s ing C 1 a c c o r d i n g  to (38), we obta in  

0 d'- 
- - - -  dJ (0) . . . .  C~ (0, 0). (40) 
O Fo O Fo '2 

Here  we have d ropped  the t e r m  conta in ing  j j '  a s  a 
squa re  in the  b r a c k e t s ,  in o r d e r  to effect  some  s i m -  
p l i f i ca t ion ,  i t  be ing  neg l ig ib le  in c o m p a r i s o n  with the 
t e r m s  r e t a i n e d .  

The solut ion of the  equat ion fo rmu la t ed  has  the 
f o r m  

Continuing th i s  p r o c e s s  when k > 3, we obta in  f u r -  
t h e r  t e r m s  of the  expans ion  of  function ~ ( F o ) .  ~ i ~  
f i r s t  a p p r o x i m a t i o n  

' D ( F ~  0--~o Ct(O, F~ I Fo= ~ - -  

- -  Fo [ 0O~Fo ~-  C~ (0 ,  Fo)J] Fo=0' (41) 

Indeed,  with the  a id  of  (14), (11), and (15), func-  
t ion C10}2, Fo) i s  c o m p l e t e l y  d e t e r m i n e d  ( e x p r e s s i o n s  
(34), (38), and (41) d e t e r m i n e  i t  in the f i r s t  a p p r o x i -  
ma t ion) .  

In o r d e r  to d e t e r m i n e  function D1, we mus t  use  the 
r e m a i n i n g  condi t ions  (12)and  (13). 

The va l i d i t y  of  the  fol lowing r e l a t i o n s  m a y  be  
shown: 

o~ vD~[ 
[ = 0  t 

z~ 11 (l - i  2i-I 1)! (fi - -  ~1~)~ (j - -  "q')'"+" 
1=:0 i ' = [ i  

(42) 

V l)z t ( f ' - q ~ ) l r h & h  
l '  I) 

_ ~ s - - q , - -  (ff - hi) ,+'. (43) 
2 (l + l)~ 

l - ( I  

Using the f i r s t  of these ,  we w r i t e  (13) for  the  s lab  
(m = 0) in the f o r m  

J r ~ t ) t~ ([  f-il! 
i Re..d.r a r \ ~  ....................... ]_,, ~/.:1 = o .  

- m --~ l ! ( 1 - ]  2 i -  I1! 
' l = [ I  i tl 

Put t ing  l + i = k, l = k - i, we obta in  

t ~'~ . . . . . . . . . . . . . . . . .  O. (44) Re.,  d ~1~ "~ l) l .  k! ff,,~ 
- ~ ~., (/,' - - i ) ! ( k .  i i - . 1 ) !  

' h' ; i  i u 

R e s t r i c t i n g  o u r s e l v e s  to the f i r s t  few t e r m s  of the  
s e r i e s ,  we obta in  f r o m  (44) 

O.67 I)~ + o.257 l&]"- + 0.0731);,]  ~ -!-... O. (45) 

Subs t i tu t ing  t l i e i r  e x p r e s s i o n s  in t e r m s  of D 1 in s t ead  
of D 2 and D3, we obta in  when m = 0 f rom (30) and (31), 
a f t e r  s i m p l e  t r a n s f o r m a t i o n s ,  

d Pr 
1)~ -i . . . . .  (47.5-]- l l . ; j j ' ) l )~  =- PrGrC,-i- 

d 1% 1- 

~)~ l)t i_ Pr :.-. 
d q:. 

(46) 

., i' .,,, 
}:r F o  

' ( t '  • t ( C t + f ) e x p  Pr 47.5+11.4]] ' . . i  dFo 

X 

d Fo. (47) 

The f u n c t i o n f  i s  d e t e r m i n e d  by  the e x p r e s s i o n  

F o  

( i ) f : -  Prexp - - P r  47.5-;- ll.4H; dFo X 
f 

' (48) 
F o  F o  

X ,!' O~-C-~-L c) 7i:__: exp ( p r f 4 7 " 5 + l l ' 4 ] i ' d F o ) d F o . ] 2  

b D 

I t  fo l lows f r o m  (12) tha t  

D,~ ]vo=O : :  0. (49) 

It  is  e a s y  to  see  f rom (47) tha t  th i s  condi t ion i s  s a t i s -  
f ied when k = 1 and k = 2. When k = 3, e x p r e s s i n g  D3 
in t e r m s  of D i a c c o r d i n g  to (31) and p e r f o r m i n g  the 
d i f fe ren t i a t ion ,  we obtain 

1 O [ 
D ~ 

Pr OFo ~lv,,=o Pr 
- -  - -  P r O r ( C ~  -F f ) I r , ,=~;  D3 Je,,=o :~ 0 .  

Thus, even when k = 3, (12) is  s a t i s f i ed  i de n t i c a l l y .  
Condi t ion ( t2a)  i s  a l so  s a t i s f i e d ,  which m a y  e a s i l y  
be  ve r i f i ed  f r o m  the r e c u r r e n c e  fo rmu la  (23). 

Condit ion (13) for  the  c y l i n d e r  (m = 1) m a y  be w r i t -  
ten,  us ing  (43), in the  fo rm 

.i co 

t Re~tLdql : _1 ~'~ Dk 
2 ~ (k-',- 1)! 

_ _  ffk+2 = 0. ( 5 0 )  

In th i s  e x p r e s s i o n  the summat ion  index l has  been  r e -  
p l aced  by k.  R e s t r i c t i n g  o u r s e l v e s  as  be fo re  to the 
f i r s t  few t e r m s  of  the  s e r i e s ,  we obtain,  f rom (50), 

0.50 D~ -! 0.167 D2j ~" + 0.04t7 Daj ~ -" ... = O. 

A f t e r  t r a n s f o r m a t i o n s  s i m i l a r  to those  c a r r i e d  out 
p r e v i o u s l y ,  we have 

0 D, !- P r  (144 -! 68j1') D, : P r G r C ,  " Pr ~ 
5 F(--~- 1- O q~ 

The equat ion obtained is  ana logous  to (46), and 
t h e r e f o r e  i t s  solut ion has  the analogous  fo rm:  

}:,) 

f 
V,, [ : -  

' i 
• I (c, i-f)exp (p l' 144:6 H' dVo aFo; 

:, :, f i  
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0 

F, ~ Fo  

o o 

144+68]j' dFo ~ ).( 

]~ J 

144 -~-~;~68]j' dFo ) dFo. 

Here ,  a s  in the  p r e v i o u s  c a s e ,  cond i t ions  (12) and 
(12a) a r e  s a t i s f i e d  i d e n t i c a l l y .  

As  an i l l u s t r a t i o n  a c a l c u l a t i o n  has  been  done of :~ 
d i s t r i b u t i o n s  of  t e m p e r a t u r e ,  hea t  f lux,  and v e l o c i t y  
in the  l iquid c o r e  of  a s e m i - i n f i n i t e  s lab  of t h i c k n e s s  
2R = 0 . 4  m,  with a l i n e a r  law of  c r u s t  growth (Fig .  2): 

j = 1 - -  1 .2Fo 

The l iquid  m e l t  i s  s t e e l ;  a = 0 .555 �9 10 -5 m 2 / s e c ;  
p = 0 . 3 6  . 1 0  - ~ m 2 / s e c ;  k = 2 3  W / m . d e g r e e ;  f l = 2 5 •  
• 10 - 5 / / d e g r e e ;  T K = 1500 ~ C; the  m a x i m u m  in i t i a l  
t e m p e r a t u r e  T O = 1525 ~ C; P r  = 0. 065; G r  = 3 .47  �9 109. 
The d i m e n s i o n l e s s  hea t  f lux i s  g iven  in  the  f o r m  

q = 2L]exp ( - -  5 Fo). 

The coe f f i c i en t  of  p r o p o r t i o n a l i t y  (a cons tan t )  L was  
d e t e r m i n e d  in the  l a s t  s t age  of c a l cu l a t i on  f r o m  the 
condi t ion  t .... !Fo=0 = l ,  and p roved  to be 1 .3 .  The  c a l -  
cu l a t ion  was  done at  ~ = 0 and 72 = 0 .1 .  

NOTATION 

? ~ ( T  - -  T , J / ( T o  - -  T,j - - r e l a t i v e  s u p e r h e a t  t e m p e r a t u r e  
of  m e l t ;  T - - t e m p e r a t u r e  of  m e l t ;  T K - - e r y s t a l l i z a t i o n  
t e m p e r a t u r e ;  T 0 - - m a x i m u m  in i t i a l  t e m p e r a t u r e  of 
m e l t ;  Fo  = a ~ / R 2 - - d i m e n s i o n l e s s  t i m e ;  a - - t h e r m a l  
d i f fus iv i ty  of m e l t ;  ~ - - t i m e ;  R - - h a l f - t h i c k n e s s  of  s lab ,  
o r  r a d i u s  of c y l i n d e r ;  P r  = u / a - - P r a n d t l  n u m b e r ;  

.: :~; . . . .  
v - - k i n e m a h c  v l s c o m t y  of  m e l t ;  ~i  = x i / R - - d l m e n -  
s : ionless  c o o r d i n a t e ;  j - - d i m e n s i o n l e s s  d i s t a n c e  f r o m  
~ixiS of  s lab  o r  c y l i n d e r  to s o l i d i f i c a t i o n  f ront ;  Re i = 
= u i R / v - - d i m e n s i o n l e s s  componen t  of  m e l t  ve loc i t y  
a long c o o r d i n a t e  ~i; m - - s h a p e  f a c t o r  equal  to 0 fo r  
s lab ,  and 1 fo r  c y l i n d e r ;  ar =~ :~ (r,, -- T,.:) R3/z - - - G r a s h o f  
n u m b e r ;  g - - a c c e l e r a t i o n  due to g r a v i t y ;  f l - -coef f ic ien t  
of  vo lume  expans ion  of  m e l t ;  q = QR/~ (T0 -- r,~ - - d i m e n -  
s i o n l e s s  hea t  f lux f r o m  l iquid  c o r e  to c r u s t  of  ingot ;  
Q- -hea t  f lux to ingot  c r u s t ;  X - - t h e r m a l  conduc t iv i ty  
(mo lecu l a r )  of  m e l t .  
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